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Abstract: Dispersion equations have been derived for field-aligned cyclotron waves in  dipole magnetospheric 
plasmas with anisotropic temperature. Vlasov equation is solved for trapped particles with both the bi-
Maxwellian and bi-Lorentzian distribution functions accounting for the cyclotron and bounce resonances. New 
transverse permittivity elements are expressed by the summation of bounce-resonant terms including the double 
integration in velocity space, the resonant denominators, and the phase coefficients. To have some analogy with 
the linear theory of cyclotron waves in the straight magnetic field, we assume that the n-th harmonic of the 
electric field gives the main contribution to the n-th harmonic of the current density, and the connection of the 
left- and right-hand waves is small. In this case, the dispersion equations for  cyclotron waves have the simplest 
form and are suitable to annualise the instabilities of both the electron- and ion-cyclotron waves accounting for 
the bounce resonance effects.  
 
 
1. Introduction and plasma model 
Cyclotron waves are an important component of the magnetospheric environment.  
As is well known, the energetic particles (electrons, protons, heavy ions) with anisotropic 
temperature (pressure) can excite a wide class of cyclotron wave instabilities. Kinetic theory 
of electromagnetic cyclotron waves/instabilities in the straight magnetic field case is 
developed quite fully, see e.g. Refs. [1-3] and bibliography therein. However, for 
magnetospheric plasmas, these instabilities should be analysed by solving the Vlasov-
Maxwell's equations taking into account a two-dimensional nonuniformity of the 
geomagnetic field and bounce-resonant wave-particle interactions [4-7].  
 
 
 
Fig. 1. The point-dipole magnetic field configuration for the Earth’s magnetosphere; 
              ICR-ICR lines are the lines of the constant geomagnetic field. 
 
In this paper, we derive the dispersion relation for the field-aligned cyclotron waves 
in an axisymmetric dipole magnetosphere, where the module of an equilibrium magnetic 
field, in the spherical coordinates ( ϕθ ,,R ), is (in the point dipole approximation) 
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Here, R0 is the radius of the Earth, R is the geocentric distance, θ  is the geomagnetic 
latitude, B0  is the Earth's equatorial magnetic field, see Fig. 1. There are considered the 
collisionless plasmas including the particles with anisotropic temperature, where charged 
particles are magnetically trapped having the two steady-state distribution functions in 
velocity space: 1) bi-Maxwellian, and/or 2) bi-Lorentzian. 
 
2. Reduced Vlasov equation 
 To evaluate the transverse dielectric permittivity elements we solve the Vlasov 
equation for trapped particles with anisotropic temperature using a standard method of 
switching to new variables associated with the conservation integrals of the energy: 
v v const||
2 2+ =⊥ , the magnetic moment: constBv =⊥ 2/
2 , and the B-field line equation: 
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 (instead of Rvv ,, ,|| ⊥ ), the perturbed distribution function can be found as 
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where α is the gyrophase angle in velocity space. The linearized Vlasov equation for 
(interesting us) harmonics sf 1±  can be rewritten in the form 
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Here, En and Eb are, respectively, the normal and binormal perturbed electric field 
components relative to B; F0 is the bi-Maxwellian distribution function of plasma particles 
with density N, parallel and perpendicular temperature ||T  and ⊥T , charge e and mass M. By 
the indexes 1±=s  we distinguish the particles with positive and negative values of the 
parallel velocity 
)(1|| θµbsvv −= ,                                                                (8) 
 relative to B. In Eq. (4) we have neglected the drift corrections  assuming that the wave 
frequency ω is much larger than the drift frequency, that is valid when 
1)/( 0||
22 <<⊥ coTT RvLmv ω , where MceBco /0=ω , and  m is the azimuthal wave number over 
the ϕ  (east-west) direction.  Moreover, deriving the dispersion equation, as well as Eq. (4), 
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we assume that the plasma is perfectly conducting, i.e., 0|| =E , and the ordinary 
( bn iEEE +=−1 ) and extraordinary ( bn iEEE −=+1 ) waves are connected weakly. 
Depending on  µ  and  θ, the domain of the perturbed distribution functions is defined 
by the inequalities  
10 ≤≤ µµ   and  )()( µθθµθ tt ≤≤− ,                                        (9) 
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and )(µθ t±  are the local mirror (or turning, or reflection) points for  trapped particles at a 
given (by L) magnetic field line, which are defined by the condition 0)(|| =± tv θ . Any 
untrapped particle with  0µµ ≤  cannot survive more than one half of the bounce-time and 
will be precipitated into the atmosphere/ionosphere. 
 Since the trapped particles, with a given (by µ ) pitch angle, execute the bounce-
periodic motion, the solution of Eq. (4) can be found as 
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The perturbed distribution functions, accounting for Eq. (11), satisfy automatically 
the corresponding boundary conditions for the trapped particles, namely, the continuity of 
the distribution functions at the reflection points tθ± : )()( 11 tltl ff θθ ±=± −+ , or the same 
))(())(( b
s
l
s
l ff τθτθτ += .  In our notations, the bounce frequency of the trapped particles 
with temperature T and given parameter µ is defined as )/(2 0|| bTb LRv τpiω = .  
After solving Eq. (4), the contribution of trapped particles to the (two-dimensional) 
transverse current density component, ),(1 Lj θ± ,  can be expressed as 
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Note that the normal and binormal (to B) current density components in our notation are 
equal to 11 −+ += jjjn  and )( 11 −+ −= jjijb , respectively. 
 
3. Transverse permittivity elements 
To solve the wave (or Maxwell's) equations let us expand preliminary the perturbed 
values in a Fourier series over θ. In particular, for the transverse components of the current 
density,  jl , and electric field, El , we have: 
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o λλ =  is the half-length of a given by L magnetic field line. This procedure 
converts the operator, representing the dielectric tensor, into a matrix whose elements are 
calculated independently of the solutions of Maxwell's equations. As a result, there is 
following connection for harmonics )(nlj  and  
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and the contribution of a given kind of plasma particles to the transverse permittivity 
elements, )(´, Lnnlε , after the s-summation, is 
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Thus, the transverse permittivity elements for electromagnetic waves (at the 
fundamental cyclotron frequency) in an axisymmetric dipole magnetospheric plasma are 
expressed by the p-summation of the bounce-resonant terms including the double integration 
in velocity space, the resonant denominators  pu-Zl(µ), and the phase coefficients ),(, µuG n lp  
and ),(, µuD n lp . As follows from Eq. (17), due to a two-dimensional geomagnetic field 
nonuniformity, the whole spectrum of the electric field  (by ±∞Σ ´n )  is present in the given (by 
n) current density harmonic. It should be noted that the bounce-resonance conditions, pu-
Zl(µ)=0 for trapped particles in magnetospheric plasmas are entirely different from the 
corresponding expressions in the straight magnetic field case. Of course, as in the straight 
magnetic field, l=1 corresponds to the  effective resonant interaction of electrons with the 
extraordinary (or right-hand polarised) waves at the fundamental electron-cyclotron 
frequency, and l=-1 corresponds to the resonant interaction of ions with an ordinary (or left-
hand polarised) wave at the fundamental ion-cyclotron frequency. Note that there is no 
possibility to carry out the Landau integration over the particle energy 
||/ Tvvu =  (by 
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introducing the plasma dispersion function) because the phase coefficients ),(´, µuG n lp  and 
),(, µuD n lp  depend on u. As for the particles with isotropic temperature, i.e. if ⊥= TT|| , the 
phase coefficients ),(, µuG n lp  can be reduced to ),()1(),(),( ,,, µµµ uDuDuG n lppn lpn lp −−+= − . 
As was noted above,  Eq. (18) describes the  contribution of any kind of the trapped 
particles to the  transverse permittivity elements.  The  corresponding  expressions for 
plasma electrons and ions can be obtained from  (18)  by replacing 
||T , ⊥T  (temperature), N 
(density), M (mass), e (charge)  by the electron 
eT|| , eT⊥ , Ne, me, ee  and ion iT|| , iT⊥ , Ni, Mi, ei  
parameters, respectively. 
 
4. Dispersion equation of the cyclotron waves 
 Since the cyclotron wave instabilities are an important contributor to cool plasma 
heating, it is possible (and interesting) to develop a two-dimensional numerical code to 
describe these processes in the Earth's magnetosphere with new dielectric tensor 
components, accounting for the bounce-resonant effects.  
To have some analogy with linear theory
[1-3]
 of cyclotron wave instabilities in the 
straight magnetic field, let us assume that the n-th harmonic of the electric field gives the 
main contribution to the n-th harmonic of the current density (one-mode approximation). In 
this case, for the field-aligned electromagnetic cyclotron waves (when 
m=0, 0/ =∂∂ L , 0|| =E , 0|| =H ), there is following dispersion relation: 
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where σ denotes the particle species (electron, proton, etc.). This equation is suitable to 
analyze the instability of the electron-cyclotron waves if  l=1, and ion-cyclotron waves if    
l=-1. Note that, in our notation, the parallel wave vector is defined as 
onk λpi /|| = , so that 
)/( ωλpi ocn  is the nondimensional parallel refractive index. Further, Eq. (22) should be 
resolved numerically for the real and imaginary parts of the wave frequency, 
ω =Reω +ι Imω, to define the conditions of the ion/electron cyclotron instabilities in the 
dipole magnetospheric plasmas with anisotropic temperature. As usual, the growth 
(damping) rate of the electromagnetic cyclotron waves, ωωγ Re/Im= ,  is defined by the 
contribution of the resonant particles to the imaginary part of the transverse permittivity 
elements. The simplest estimation can be done assuming that  Imω << Reω ; in the case, 
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To find the instability conditions (e.g., the thresholds) it is necessary to compare the wave 
growth rate (by the energetic particles with anisotropic temperature) and the  corresponding 
damping rate  (by the cold particles with isotropic temperature). The contributions of the 
resonant σ-particles to nnl
,
,Im σε  can be readily derived from Eqs. (18) by using the well 
known residue (or Landau rule) method.  
 
5. Lorentzian (or kappa) distribution function 
 Of course,  an approach developed in sections 2-4 for magnetospheric plasmas with 
bi-Maxwellian distribution functions in velocity space can be applied as well for plasmas 
with the more general distributions including, e.g., the bi-Lorentzian distribution functions. 
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According to Ref. [3], the generalised steady-state bi-Lorentzian (or kappa) distribution 
functions can be expressed as 
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with the associated effective thermal speeds corresponding to ||T  and ⊥T , 
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where the parameter κ is the spectral index (here takes positive values 2≥κ ); 
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1 )exp()( dtttx x  is the gamma function. It should be noted that the parameter κ  is a  
measure of the proportion of the high energy particles present in the distribution; typically 
for the space plasmas,  is found to be in the range 62 ≤≤ κ . Moreover, the generalised bi-
Lorentzian distribution contains the standard bi-Maxwellian distribution, Eq. (6), as a special 
case letting ∞→κ .  
To estimate the main contribution of the trapped particles with bi-Lorentzian 
distribution functions to the transverse permittivity elements we should solve again Eq. (4) 
where the right hand side is 
.
)(sin31cos
)/1()(1
1)(
)(
111
)1(ˆ
2
0
||||
||
2
||
2
2
||
00








∂
∂
+
−−
−





+−×
×




















−−+
+
=
⊥
⊥
⊥
θθθθω
θµ
θ
θ
µ
κϑ
κϑ
κµ
b
E
LR
TTbiv
T
T
b
b
sE
T
Tv
M
FLeR
Q
ll
s
l
               (26) 
 As a result, instead of Eq. (18), we have  
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It should be noted that, in the variables (v, µ), there are identities for the phase 
coefficients: ),(ˆ),( ,, µµ vGvG n lpn lp =  and ),(ˆ),( ,, µµ vDvD n lpn lp = . Accordingly, the wave-
particle resonance conditions are also independent of the steady-state distribution functions 
of the trapped particles and can be written as 
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involving the wave frequency ω, the bounce averaged cyclotron frequency 3/)( Lbco µω  and 
the bounce frequency of the trapped particles )](/[2 0 µτpi bLRv  with the given energy v and 
pitch angle µ  at the given (by L) magnetic field line, where ,...1,0 ±=l  and ,...1,0 ±=p  are 
the numbers of the cyclotron and bounce resonances, respectively. 
 In the case of the bi-Lorentzian distribution functions, the dispersion equation for the 
cyclotron waves will be the same as Eq. (22), where the new transverse dielectric tensor 
components, Eq. (27), should be included. For specified values of the ambient magnetic field 
line L, and the parameters (κ , σ||T , σ⊥T , Nσ, Mσ, eσ ) that describe each particle species, an 
iterative scheme can me used to solve Eq. (22) for complex wave frequency for a prescribed 
real values of the wave number 
onk λpi /|| = . 
 
Conclusion 
In this paper, we have derived the dispersion equations (22) for field-aligned 
cyclotron waves in an axisymmetric dipole magnetospheric plasmas with both the bi-
Maxwellian (6) and bi-Lorentzian (24) distribution functions. To evaluate the contribution of 
the trapped particles to the transverse current density components the Vlasov equation is 
solved using a standard method of switching to new variables (2) associated with 
conservation integrals of particle energy, magnetic moment and equation of the geomagnetic 
field line; the new time-like variable )(θτ , Eq.(12), is introduced (instead of the 
geomagnetic latitude angle θ) to describe the bounce-periodic motion of the trapped particles 
along the geomagnetic field; the perturbed electric field and current density components are 
Fourier-decomposed over the length of the geomagnetic field lines, Eqs. (15). As a result, the 
transverse permittivity elements, Eqs. (18, 27) are expressed by summation of the bounce-
resonant terms including the double integration in velocity space, the resonant denominators, 
and the corresponding phase coefficients. Due to magnetic field nonuniformity, the bounce-
resonance conditions for trapped particles in magnetospheric plasmas are entirely different 
from ones in the straight magnetic field; the whole spectrum of the electric field is present in 
the given current density harmonic; the left- and right-hand polarised waves are coupled. To 
have some analogy with the linear theory of cyclotron waves in the straight magnetic field, 
there were assumed that the n-th harmonic of the electric field gives the main contribution to 
the n-th harmonic of the current density and the connection of the left- and right-hand waves 
is small. In this case, the dispersion equation for cyclotron waves has the simplest form and 
is suitable to analyse the instabilities of both the electron- and ion-cyclotron waves 
accounting for the cyclotron and bounce resonances. 
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